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1. Introduction
In the theory of Rankin–Selberg representations of L-functions, Siegel Eisenstein series play a crit-
ical role. The analytic continuation of L-functions and information about the poles can be obtained
by using Siegel Eisenstein series. We will describe Siegel Eisenstein series induced from a character of
the Levi subgroup of a maximal proper parabolic subgroup often called the Siegel parabolic. We will
work on both quaternion groups O ∗(4n) and Sp∗(n,n), so we will treat both cases together.
Let k be a totally real number ﬁeld and let D be a quaternion division algebra over k with main
involution σ . Let W be a 2n-dimensional vector space over D . Let V be a maximal totally isotropic
subspace of W . Let S ∈ GL(2n, D) satisfy S∗ = S with  = ±1. S deﬁnes an -hermitian form on W .
Let
G = Gn = {g ∈ GL(2n, D): g∗Sg = S}.
E-mail address: curtis@etu.edu.tr.0022-314X/$ – see front matter © 2010 Elsevier Inc. All rights reserved.
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G 
{
O ∗(4n) if  = −1 (case 1),
Sp∗(n,n) if  = +1 (case 2).
Note that for almost all places v , D splits over kv , that is D  Mat2×2(kv) and
Gv 
{
O (4n,4n;kv ) (case 1),
Sp(4n;kv) (case 2).
Let P be the parabolic subgroup of G which stabilizes a maximal isotropic subspace of W . Such
parabolic subgroup is the Siegel parabolic and it has the Levi decomposition P = MN where
M = Mn =
{
m(a) =
(
a 0
0 a∗−1
)
: a ∈ GL(n, D)
}
is the standard Levi subgroup and
N = Nn =
{
n(b) =
(
1n b
0 1n
)
: b ∈ Matn(D), b + b∗ = 0
}
is the unipotent radical.
The modular function of P is given by δP (m) = |deta|2ρ2n with
ρn =
{ n−1
2 if  = −1,
n+1
2 if  = +1
where
m =
(
a 0
0 a∗−1
)
is in the standard Levi component of P .
For a unitary Adele-class character χ :A×/k× → C× let
In(s,χ) = IndG(A)P (A)
(
χ · | |s)
be the degenerate principal series representation of G(A) consisting of functions Φ on G(A) which
are ﬁnite sums of monomials
⊗
v f v , where at archimedean v , f v is Kv -ﬁnite and smooth, and at
non-archimedean v , f v is locally constant and compactly supported, such that
Φ
(
nm(a)g, s
)= χ(deta)|deta|s+ρn Φ(g, s).
We ﬁx a standard maximal compact subgroup K =∏v Kv of G(A). Then I(s,χ) is a representation
of (g∞, K∞) × G(A f ), where g∞ is the Lie algebra of G∞ . A function s → Φ(s) ∈ I(s,χ) is called a
standard section if the restriction of Φ(s) to K is independent of s.
For a standard section Φ(s) ∈ In(s,χ), and g ∈ G(A) we deﬁne the Eisenstein series
E(g, s,Φ) =
∑
γ∈P (k)\G(k)
Φ(γ g, s).n
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M(s,χ) : I(χ | |s)−→ I(χ | |−s)
by
M(s,χ)Φ(g, s) =
∫
Nn(A)
Φ(wnng, s)dn
where wn is the longest Weyl element
wn =
(
0n 1n
−1n 0n
)
.
From the general theory of Eisenstein series [8] and [1] we have:
Theorem 1. The Eisenstein series E(g, s,Φ) is absolutely convergent in the half-plane Re(s) > ρn and has a
meromorphic continuation to the complex plane. Its meromorphic continuation satisﬁes the functional equa-
tion
E(g, s,Φ) = E(g,−s,M(s,χ)Φ).
Note that M(s,χ) has a meromorphic continuation as well.
For any non-archimedean place v of k at which χv is unramiﬁed let Φ0v (s) be the spherical
standard section of In,v(s,χv) = IndG(kv )P (kv )(χv · | |sv) determined by Φ0v (s)(k) = 1 for all k ∈ Kv . Since
In(s,χ) =⊗v In,v(s,χv), we can write
M(s,χ) =
⊗
v
Mv(s,χ)
where, for Φv ∈ In,v(s,χv)
Mv(s,χ)Φ(g, s) =
∫
Nn(kv )
Φv(wnng, s)dn.
Lemma 1. If v is a non-archimedean place of k at which χv is unramiﬁed and D splits over kv then
Mv(s,χv )Φ
0
v (s) =
an,v(s)
bn,v(s)
Φ0v (−s)
where
an,v(s,χv ) =
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
2n∏
k=1
ζv(2s − 4n + 2k) (case 1),
Lv(s + ρ4n − 4n,χv)
2n∏
k=1
ζv(2s − 4n + 2k) (case 2)
and
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⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
2n∏
k=1
ζv(2s + 4n − 2k + 1) (case 1),
Lv(s + ρ4n,χv)
2n∏
k=1
ζv(2s + 4n − 2k + 1) (case 2).
Proof. This can be done by standard Gindikin–Karpelevich type argument [3] or Casselman type ar-
gument (Theorem 3.1 on page 397 in [2]). 
We consider the normalized Eisenstein series
E∗(g, s,Φ) = bSn (s)E(g, s,Φ)
where bSn (s) =
∏
v /∈S bn,v (s). Here S is a ﬁnite set of primes which includes bad primes.
Let Xn = {−ρ4n, 12 − ρ4n,1− ρ4n, . . . ,0, . . . , ρ4n − 1,ρ4n − 12 ,ρ4n}. We are ready to state the main
theorem:
Theorem 2 (Main Theorem). Let Φ(s) be a standard section of In(s,χ). The poles of E∗(g, s,Φ) are at most
simple and occur at the points s ∈ Xn.
Remark 1. Kudla and Rallis investigated the poles of the normalized Eisenstein series for orthogonal
and symplectic groups in [6] and [7]. In the ﬁrst paper, they gave a set for possible poles. This set
consists of points in both the left half-plane and the right half-plane. In the second paper, they proved
the regularized Siegel–Weil formula for orthogonal and symplectic dual pair. Along the way they were
able to prove that the normalized Eisenstein series has no poles in the left half-plane. In our case,
the regularized Siegel–Weil formula has not been proved yet. Once we have necessary results for the
formula, we will be able to obtain similar result for possible poles.
The proof of the theorem consists of three main parts. Firstly, we prove that the poles in the right
half-plane can only occur in the given set. Secondly, we prove the simplicity of the poles. Lastly we
extend the proof to the left half-plane.
2. Right half-plane
In this part we prove the theorem in the half-plane Re(s) > 0. In the ﬁrst step we need to calculate
the Fourier coeﬃcients of Eisenstein series.
Let β ∈ Symn(k). Identify β with the character of the unipotent radical N of P given by
ψβ
(
n(b)
)= ψ(Tr(bβ)).
We consider the Whittaker model
In(s,χ ;ψβ) = IndGN
(
χψβ | |s
)
.
The βth Fourier coeﬃcient of an automorphic form f on G(A), with respect to the character ψβ is
given by
fβ(g) =
∫
N \N
f (ng)ψ−β(n)dn.k A
Ç. Ürtis¸ / Journal of Number Theory 130 (2010) 2065–2077 2069Recall the notion of a non-singular representation. Let π = ⊗v πv be an irreducible admissible
representation of G(A). Let v be a ﬁnite prime and let §0 be the set of Schwartz–Bruhat functions on
Nv such that support set of their Fourier transforms is a subset of N0v
N0v =
{
n(bv): detbv = 0
}
.
Then πv is called non-singular if πv (§0) = 0, that is if there exists a function f ∈ §0 which does not
act by zero in πv .
We know the following result from [4] and [6].
Proposition 1. For a non-archimedean place v, if In,v(s,χv) is irreducible, then it is non-singular.
Lemma 2. The degenerate principal series In,v(s,χv) is irreducible if s is not in the set X ′n = {−ρ4n,1 −
ρ4n, . . . ,0, . . . , ρ4n − 1,ρ4n}.
Proof. See Proposition A.1. in [6] and Proposition 14 in [9]. 
Note that X ′n is a subset of Xn .
Assume that Φ(s) =⊗v Φv (s) is a factorisable standard section of I(s,χ), that is Φv(s) ∈ I v(s,χ)
and almost everywhere it is spherical. Consider the βth Fourier coeﬃcient of E(g, s,Φ):
Eβ(g, s,Φ) =
∫
Nk\NA
E
(
n(b)g, s,Φ
)
ψ−β(b)db =
∏
v
Wβ,v(g, s,Φv )
where
Wβ,v(g, s,Φv ) =
∫
Symn(kv )
Φv
(
wn(b)g, s
)
ψ−β(b)db.
Lemma 3. Wβ,v(g, s,Φv) extends to an entire function of s.
Proof. For p-adic places it is proved in [4] and for archimedean places it is proved in [10]. 
Lemma 4. If detβ = 0 then dimHomGv (In,v(s,χv), In,v(s,χv ;βv )) = 1.
Proof. See [4]. 
Note that Wβ(s),v ∈ HomGv (In,v(s,χv), In,v(s,χv ;βv )). We have the following commutative dia-
gram (up to a scalar):
In(s,χ)
Mn(s,χ)
Wβ (s)
In(−s,χ−1)
W−β (−s)
In(s,χ ;β)
(1)
Let Wβ,v(s)(Φ0v )(e, s) = γβ,v(s) be an entire function of s. For a given β , let S ′ = S ′(β) be a ﬁnite set
of places containing S such that for v /∈ S ′ , ψv is unramiﬁed and ordv (detβ) = 0. Assume that v /∈ S ′ .
By using the diagram (1) and Lemma 4 we have
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(
Φ0v
)
(e, s) = (Wβ,v(−s) ◦ Mn,v(s))(Φ0v )(e, s),
γβ,v(s) = γβ,v(−s)an,v (s)
bn,v(s)
.
Since bn,v (−s,χ−1) = an,v(s,χ), we can assume that γβ,v(s) = αβ,v (s)bn,v (s) for some entire function
αβ,v(s).
Therefore, we can write the Fourier coeﬃcient of the normalized Eisenstein series as
E∗β(g, s,Φ) = bSn (s)E(g, s,Φ)
=
∏
v /∈S ′
αβ,v(s) ·
∏
v∈S ′−S
bn,v(s,χv) ·
∏
v∈S
Wβ,v(g, s,Φv ).
Since bn,v(s,χv) is holomorphic in the half-plane Re(s) > 0, so is E∗β(g, s,Φ). Now we are ready to
prove the following lemma.
Lemma 5. For standard section Φ(s), the only poles of E∗(g, s,Φ) in the half-plane Re(s) > 0 occur at the
points in the set Xn.
Proof. Suppose that E∗(g, s,Φ) has a pole at the point s = s0 /∈ Xn with Re(s0) > 0. Since X ′n ⊂ Xn ,
s0 /∈ X ′n , from Lemma 2 we know that local induced representation In,v(s,χv) is irreducible. There-
fore there exists a non-archimedean place v0 such that In,v0 (s0,χv0 ) is irreducible. We consider the
standard sections
Ψ (s) = Ψv0(s) ⊗
(⊗
v =v0
Φv(s)
)
with Ψv0 (s) ∈ In,v0 (s,χv0 ) which are obtained by varying the v0-component of Φ(s) =
⊗
v Φv(s).
Then we form the family of normalized Eisenstein series E∗(g, s,Ψ ). Suppose that this family has a
pole of order at most k > 0 at s0. Consider the map A−k from In,v0 (s0,χ0) to the space of automorphic
forms on G(A) deﬁned by
A−k
(
Ψv0(s0)
)= ((s − s0)k E∗(g, s,Φ))∣∣s=s0 .
This map is Gv0 -intertwining by the choice of k. Since In,v0 (s0,χv0 ) is irreducible, this map is also
injective. Therefore the image of A−k is irreducible. Since E∗β(g, s,Ψ ) is holomorphic at s0 for all
β with detβ = 0, the image of A−k is singular, that is A−k(Ψ )β(g) = 0 for all such β . By using
Proposition 1, we have a contradiction. 
3. Simplicity of poles
In this section we calculate the constant terms of Eisenstein series along maximal parabolic sub-
groups to prove the simplicity of poles.
3.1. Notation
For 1  r  n let Pr = MrNr denote the maximal parabolic subgroup of G which stabilizes the
isotropic subspace of dimension r. The unipotent radical of Pr is
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⎧⎪⎪⎨
⎪⎪⎩
⎛
⎜⎜⎝
1r x z + xy∗ y
0 1n−r  y∗ 0
0 0 1r 0
0 0 −x∗ 1n−r
⎞
⎟⎟⎠ : z∗ = z
⎫⎪⎪⎬
⎪⎪⎭
and the Levi component is
Mr =
⎧⎪⎪⎨
⎪⎪⎩
⎛
⎜⎜⎝
h
a b
h∗−1
c d
⎞
⎟⎟⎠ : h ∈ GL(r),
(
a b
c d
)
∈ G(n − r)
⎫⎪⎪⎬
⎪⎪⎭ .
Let wn−r be the element in Weyl group given by
wn−r =
⎛
⎜⎜⎝
1r
1n−r
1r
−1n−r
⎞
⎟⎟⎠ .
Note that w−1n−r Pnwn−r ∩ Nn = N ′′n,r := Nn ∩ Nr and Nn = N ′r · N ′′n,r where
N ′r =
{
n(b): b =
(
0
b′
)
, b′ = −b∗ ∈ Matn−r(D)
}
.
Let Qr denote the maximal parabolic subgroup of Mn given by
Qr =
{
m
((
a1 x
0 a2
))
: a1 ∈ GL(n − r, D) and a2 ∈ GL(r, D)
}
.
The modular function of P becomes
δr(p) = |a1|2ρn+2ρr−1|a2|2ρr
where
p =m
((
a1 x
0 a2
))
· n ∈ P = QrNn.
Let P = MN be arbitrary standard parabolic. The constant term of the Eisenstein series along the
parabolic P is given in the following lemma (p. 15 in [5]).
Lemma 6.
E P (g, s,Φ) =
∑
w∈WPn \W /WP
∑
γ∈(M(k)∩w−1Pn(k)w)\M(k)
Φw(γ g, s)
where
Φw(g, s) =
∫
N(k)∩w−1 Pn(k)w\N(A)
Φ(wng, s)dn
and WQ is the Weyl group for the corresponding parabolic subgroup Q .
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Φw(g, s) =
∫
N ′′(A)\N(A)
Φ(wng, s)dn.
For 1 r  n, let Φr denotes Φwr . Now let’s calculate the constant term along the Siegel parabol-
ic Pn .
E Pn (g, s,Φ) =
n∑
r=0
ErPn (g, s,Φ)
where
ErPn (g, s,Φ) =
∑
γ∈Qr\GL(n)
Φr(γ g, s).
Note that
E0Pn (g, s,Φ) = Φ0(g, s) = Φ(g, s) (2)
and
EnPn (g, s,Φ) = Φn(g, s). (3)
For 1 r  n − 1 and g ∈ G(A) the functions m → ErPn (mg, s,Φ) are Eisenstein series on GL(n) asso-
ciated to the maximal parabolic Qr .
Let I˜r(s,χ) denote the space of smooth functions f on G(A) which satisfy
f (pg) = χ(a1)|a1|s−r/2χ(a2)|a2|−(s+ρn−ρr)δ1/2r (p) f (g)
for all p ∈ P = QrNn and g ∈ G(A). The following can be checked easily
Lemma 7. Φr(g, s) ∈ I˜r(s,χ).
For Re(s) > ρn deﬁne an intertwining operator Mnr (s) : In(s,χ) → I˜r(s,χ) by
Mnr (s)Φ(s)(g) = Φr(g, s).
Deﬁne an inclusion ι = ιr : Gr → Gn by
ι :
(
a b
c d
)
→
⎛
⎜⎜⎝
1n−r
a b
1n−r
c d
⎞
⎟⎟⎠ .
We add a superscript to indicate objects deﬁned on Gr . Note that ι(wrr) = wnr and ι(Nrr ) = N ′n−r .
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In(s)
Mnr (s)
ι∗
I˜r(s)
ι∗
Ir(s′)
Mnr (s)
Ir(−s′)
(4)
where s′ = s + ρ4n − ρ4r .
Proof. Direct computation. 
Suppose that Φ(s) ∈ In(s,χ) is a K -ﬁnite standard section. For k ∈ K , the action of k on Φ(s) can
be written as a sum of a ﬁnite collection of K -ﬁnite standard sections
(kΦ)(s) =
∑
i
ci(k)Φi(s).
Since Mr(s) is K -intertwining for Re>ρn we have
Mr(s)Φ(s)(k) =
∑
i
ci(k)Mr(s)Φi(s)(e).
Therefore the analytic properties of Mr(s)Φ(s) are determined by those of Mr(s)Φi(s)(e).
From the commutative diagram (4) we have
Mnr (s)Φ(s)(e) = ι∗
(
Mnr (s)Φ(s)
)
(e) = Mrr
(
s′
)((
ι∗Φ
)(
s′
))
(e).
Since Mrr(s
′)Φ(s′) has a meromorphic continuation, so has Mnr (s)Φ(s).
Now consider all of the pieces in the constant terms. Let’s calculate ar,v(s′) and br,v(s′) for 1 r 
n − 1. Noting that s′ + ρr = s + ρn and using Lemma 1, we have
ar,v
(
s′
)=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
2r∏
k=1
ζv
(
2s′ − 4r + 2k) (case 1),
Lv
(
s′ + ρ4r − 4r,χv
) 2r∏
k=1
ζv
(
2s′ − 4r + 2k) (case 2)
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
2r∏
k=1
ζv(2s − 4n + 2k) (case 1),
Lv(s + ρ4n − 4r,χv)
2r∏
k=1
ζv(2s − 4n + 2k) (case 2)
and
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(
s′
)=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
2r∏
k=1
ζv
(
2s′ + 4r − 2k + 1) (case 1),
Lv
(
s′ + ρ4r,χv
) 2r∏
k=1
ζv
(
2s′ + 4r − 2k + 1) (case 2)
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
2r∏
k=1
ζv(2s + 4n − 2k + 1) (case 1),
Lv(s + ρ4n,χv)
2r∏
k=1
ζv(2s + 4n − 2k + 1) (case 2).
Lemma 9. The operator 1an,v (s)M
n
r,v(s) is entire.
Proof. From the above calculation we have
1
an,v(s)
Mnr,v(s) =
1
ar,v(s′)
Mnr,v(s) ·
1∏2n
k=2r+1 ζv(2s − 4n + 2k)
·
{
1 (case 1),
Lv (s+ρ4n−4r,χv )
Lv (s+ρ4n−4n,χv ) (case 2).
Since the poles of Lv(s+ρ4n − 4n,χv ) clear the poles of Lv(s+ρ4n − 4r,χv ), this becomes a product
of entire terms. 
3.2. P1 constant term
We apply Lemma 6 to ﬁnd P1 constant term of the normalized Eisenstein series. Recall that the
Levi component of P1 is
M1 =
⎧⎪⎪⎨
⎪⎪⎩m
(
t, g′
)=
⎛
⎜⎜⎝
t
a b
t∗−1
c d
⎞
⎟⎟⎠ : t ∈ GL1, g′ =
(
a b
c d
)
∈ Gn−1
⎫⎪⎪⎬
⎪⎪⎭ GL1 × G
n−1.
First of all, there are two different elements in the double coset WPn\W /WP1 , namely {1,w}. We
can choose
w =
⎛
⎜⎜⎝
0 1
1n−1
−
1n−1
⎞
⎟⎟⎠ .
There are two terms corresponding the coset representatives in the P1 constant term. Let
Nw =
⎧⎪⎪⎨
⎪⎪⎩n(x, y) =
⎛
⎜⎜⎝
1 x y 0
0 1n−1 0 0
0 0 1 0
0 0 −x∗ 1n−1
⎞
⎟⎟⎠
⎫⎪⎪⎬
⎪⎪⎭ .
We calculate the constant term of the Eisenstein series En,P1 (m(1, g
′), s,Φ) at the point m(1, g′) ∈ M1.
There are two terms and the ﬁrst term can be calculated as follows:
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γ∈(M1∩Pn)\M1
∫
(N1(k)∩Pn(k))\N(A)
Φ
(
nγm
(
1, g′
)
, s
)
dn.
Since Φ is left N-invariant and M1  GL1 × Gn−1, it reduces to
∑
γ∈Pn−1n−1\Gn−1
(
ι∗Φ
)(
γ g′, s + 2).
This is an Eisenstein series on Gn−1, namely En−1(g′, s + 2, ιΦ). For the second term, we use the
intertwining operator Mw(s,χ) on In(s,χ) which is deﬁned by
Mw(s,χ)Φ(g, s) =
∫
Nw (A)
Φ(wng, s)dn.
The second term becomes also an Eisenstein series En−1(g′, s − 2, ι ◦ Mw(s,χ)Φ).
Lemma 10. Mw(s,χ) has a meromorphic continuation and satisﬁes
Mn−1n−1(s − 2) ◦ ι∗ ◦ Mw(s) = ι∗ ◦ Mnn(s).
Proof. Direct calculation which is very similar to [5], Lemma 7.4 and [6], Lemma 1.2.2. 
Therefore, by applying both operators of Lemma 10 to the standard spherical vector Φ0n,v(s,χ) ∈
In,v(s,χ) at any v ∈ S we have
(
Mn−1n−1,v(s − 2) ◦ ι∗ ◦ Mwv (s)
)
Φ0n,v(s,χ) =
(
ι∗ ◦ Mnn,v(s)
)
Φ0n,v(s,χ),
Mn−1n−1,v(s − 2)
(
ι∗ ◦ Mwv (s)Φ0n,v(s,χ)
)= an,v(s,χ)
bn,v(s,χ)
Φ0n−1,v
(−s + 2,χ−1). (5)
Since Mn−1n−1,v(s − 2)Φ0n−1,v (s − 2,χ) = an−1,v (s−2,χ)bn−1,v (s−2,χ)Φ0n−1,v (−s + 2,χ−1), we have
(
ι∗ ◦ Mwv (s)
)
Φ0n,v(s,χ) =
bn−1,v(s − 2,χ)
an−1,v(s − 2,χ) ·
an,v(s,χ)
bn,v(s,χ)
Φ0n−1,v(s − 2,χ).
Combining two terms coming from the constant term calculation and multiplying by the normalizing
factor, we have the following proposition:
Proposition 2.
E∗n,P1
(
m
(
1, g′
)
, s,Φ
)= (∏
v /∈S
ζv(2s + 1)ζv(2s + 3)
)
· E∗n−1
(
g′, s + 2, ι∗Φ)
+
(∏
v /∈S
ζv(2s − 2)ζv(2s)
)
· E∗n−1
(
g′, s − 2,Ψ )
where Ψ (s − 2) = (⊗v∈S ι∗ ◦ Mwv (s,χ)Φv ) ⊗ (normalized spherical).
2076 Ç. Ürtis¸ / Journal of Number Theory 130 (2010) 2065–2077Note that Mwv (s,χ) is holomorphic in the half-plane Re(s) > 0. It is well known that the Eisenstein
series and its constant term share the same analytic properties [8]. The poles of zeta factors do not
lie in the set Xn and the set Xn−1 is a subset of Xn . For a moment assume that the statement of the
main theorem is true for n = 1. Therefore, by induction on n, we see that in the half-plane Re(s) > 0,
normalized Eisenstein series E∗(g, s,Φ) has at most simple poles at points s0 ∈ Xn .
For n = 1 case, there will be two terms ((2) and (3)) in the constant term calculation, namely the
ﬁrst term for r = 0 and the last term for r = n = 1. The ﬁrst term gives Φ(g, s) which is an entire
function. Thus, the possible poles come from the last term. From (3) we know that EnPn (g, s,Φ) =
Φn(g, s) which is equal to
Mnn(s,χ)Φn(g, s) =
(⊗
v∈S
Mn,v(s,χ)Φv (g, s)
)
⊗
(⊗
v /∈S
Mn,v(s,χ)Φ
0
v (g, s)
)
=
(⊗
v∈S
Mn,v(s,χ)Φv (g, s)
)
⊗ a
S
n (s,χ)
bSn (s,χ)
(⊗
v /∈S
Φ0v (g,−s)
)
=
(⊗
v∈S
1
an,v(s,χ)
Mn,v(s,χ)Φv (g, s)
)
⊗ an(s,χ)
bSn (s,χ)
(⊗
v /∈S
Φ0v (g,−s)
)
.
From Lemma 9, the ﬁrst factor is entire. The last factor is also entire since it is a product of spheri-
cal vectors. The factor bSn (s,χ) does not have any zeros on the right half-plane (see Lemma 1). There-
fore only possible poles come from the factor an(s,χ). For n = 1, the possible poles are {0,1/2,1,3/2}
which coincides with non-negative points of X1. This completes the proof of the simplicity of poles.
4. Left half-plane
We have the functional equation from the general theory of Eisenstein series [8]:
E∗n(g, s,Φ) = bSn (s,χ)E(g, s,Φ)
= bSn (s,χ)En
(
g,−s,Mn(s,χ)Φ
)
= bSn (s,χ)
an(s,χ)
bSn (s,χ)
En(g,−s,Υ )
= an(s,χ)
bSn (−s,χ−1)
E∗n(g,−s,Υ )
where
Υ (s) =
(⊗
v∈S
1
an,v(s,χ)
Mn,v(s,χ)Φv
)
⊗
(⊗
v /∈S
Φv(−s)
)
.
Since each local factor is entire, Υ (s) is entire. Thus E∗n(g,−s,Υ ) has at most simple poles at points
s0 ∈ Xn in the half-plane Re(s) < 0. Also both an(s,χ) and bSn (−s,χ−1) are holomorphic and non-
vanishing in the half-plane Re(s) < 0. Hence normalized Eisenstein series E∗(g, s,Φ) has at most
simple poles at points s0 ∈ Xn .
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